In the abstract characterization of incidence algebras it is necessary to consider the existence and structure of faithful distributive modules over them. In § 1 we determine up to isomorphism all faithful distributive modules over an incidence algebra. In §2 we relate this result to the structure of the outer automorphism group of the algebra. In §3 we consider the incidence algebra of a finite quasi-ordered set and determine for it all left ideals L with the property that the quotient module determined by L is a faithful distributive module over the algebra.
Let Q be a locally finite quasi-ordered (q.o.) set, i.e., Q has a relation r which is reflexive and transitive and for which every segment [x, y] = {z e Q; xrzry) is finite. The incidence algebra I(Q) of Q over a field K is the (associative unital) algebra of functions f: QxQ->K with the property that f(x, y) Φ 0 => xry, under the product f*g(χ, y) = Σ /(», The standard topology on I(Q) is defined by stipulating that a net {f λ } λeθ Q I(Q) converges to fel(Q) iff VxryeQ, f λ {x, y) = j\x, y) eventually, i.e., iμeθ such that Vμ '^μ, f μ '(x,y) =f (x,y) It is 35 easy to verify that I(Q) equipped with the above topology is a topological algebra, when the field K has the discrete topology. When Q is finite, the standard topology on I(Q) reduces to the discrete topology. We now introduce the following equivalence relation on Q: x ỹ iff xry and yrx. Let x denote the ~ equivalence class of x e Q and let Q denote the collection of all equivalence classes. Then Q is a partially ordered (p.o.) set under the relation ^ defined by x ^ y iff xry. Using the these notions it is convenient at this time to present the following two technical results on I(Q), in the case when Q is a finite q.o. set.
LEMMA 0.1 ( [2, §2] , [5, §1] ). The maximal ideals of I(Q) are all subspaces of the form J* = {/ e I(Q); f(x lf x 2 ) = 0 Vx lf x 2 eQ with x 1 = x 2 -x}, where x is some element of Q. Further, assuming x = {Xi}ΐ=i and letting K n denote the (simple) algebra of n x n matrices over the field K, we have that the map π x : I{Q) -• K n defined by (π x f) uv = f{x UJ x v ), 1 <; u, v ^ n, is an epimorphism with kernel J~x, so that
We will use \S\ to denote the cardinality of a set S.
Now let A be a topological algebra and let If be a (unital left) module over A. If the action of A on If is continuous in A when M has the discrete topology, we shall say that M is topologically compatible (with A). If M has a distributive lattice of submodules, and is faithful and topologically compatible, we shall say that M is a faithful distributive module (over A). The following three results on faithful distributive modules over incidence algebras are from [5, §2] 
It is easy to show that the collection of multiplicative elements forms an abelian group under the pointwise product, fg(x, y) = f(x 9 y)g(x, y). We shall denote this group by Z(Q). The identity ζ is given by ζ(x, y) = 1, Vxry in Q and the inverse / of feZ(Q) is given by f(x, y) = [f(x, y) ]~\ It follows from (i) and (ii) above that for all feZ(Q), f(x, x) = iVxeQ.
Given any a: 
Then a is well-defined and σ = d a as may be verified, so that σ e B(Q).
We can now present our main result.
then there is a bijective correspondence between the elements of H(Q) and the isomorphism classes of faithful distributive modules over I(Q).
Proof. For any veZ(Q), let M u be the Z-vector space with basis {z} zeQ . For feI (Q) and xeQ (considered as a basis element of M»), set In the case when v = ζ and Q is finite, of cardinality n, M v affords the canonical representation of I(Q) as an algebra of n x n matrices over K. See [5, §2] or [6] for details.
Suppose now that v 9 τ e Z(Q) and that τB(Q) = vB(Q). We show that M v and M r are isomorphic /(Q)-modules. Note that τveB(Q),
for xeQ, and extend by linearity to a map on M. Then φ is a linear bisection. Note also that for feI(Q) and xeM v ,
It follows that φ(f jx) = f' τ φ{x) 9 so that φ preserves module action as well. Hence φ is a module isomorphism. Conversely, suppose that v, τ e Z(Q) and that M u and M τ are isomorphic J(Q)-modules. We show that τB(Q) = vB{Q). Let φ: M» -> Λί τ be a module isomorphism. Since v is multiplicative,
The above results show that ξ is well-defined and 1-1. We show that ξ is onto. Let M be any faithful distributive module over I(Q). For each zeQ, choose m z ee z -M\{0}.
Then by Lemma 0.5, B = {m z } zeQ is a basis for M, and for ^rx in Q, d wx -m x = α(w, x)m w , some α(w, x) e J5Γ\{0}. These results may be dualized in a straightforward way to the consideration of isomorphism classes of cofaithful right comodules over the incidence coalgebra C(Q). See [5] for more details on these notions.
As a simple application of the results in this section, let Q 1 be the quasi-ordered set {x t }*= u where x^rXj, 1 ^ i <; j <; n. Then /(QO is isomorphic to T n , the algebra of n x n upper triangular matrices over K, and the faithful distributive modules over I(Q) are exactly the faithful modules of dimension n, by Lemma 0.4. It then follows directly from Corollary 1.1.1 that /(QJ ~ T n has a unique isomorphism class of faithful modules of dimension n. Note that each such module affords the canonical ^-dimensional representation of T n . As another application, let Q 2 be the quasi-ordered set {y$=u where y t ry i9 1 g i, j ^ n. Then I(Q 2 ) is isomorphic to K nJ the algebra of n x n matrices over K, and the faithful distributive modules over I(Q 2 ) are exactly the faithful irreducible modules. It then follows directly from Corollary 1.1.1 that I(Q 2 ) -K n has a unique isomorphism class of faithful irreducible (= primitive) modules.
2. Automorphisms* In this section we study the automorphisms of an incidence algebra, relating our results to those of the last section. We restrict ourselves to topological automorphisms of I(Q), i.e., automorphisms which preserve topological structure, and we let Aut I(Q) denote the group of all such automorphisms of I(Q), where Q is a locally finite q.o. set.
We begin by discussing three classes of (topological) automorphisms of I(Q).
For/e/(Q), / invertible, the inner automorphism of I(Q)
with respect to / is given by I f (g) = f*g*f~\ Let Inn I(Q) denote the group of all such automorphisms. Then Inn I(Q) is a normal subgroup of AutΙ(Q).
For v 6 /(Q), v multiplicative, there is an automorphism L v of I(Q) defined by L v (f) = vf. Let £f[I(Q)] denote the group of all such automorphisms. Then Inn I(Q) n £f[I(Q)] = {L a e [I(Q)]; a e B(Q)}
as is shown in [1] .
3. Let AutQ denote the automorphism group of Q, i.e., the collection of order-preserving Injections. For K e Aut Q there is an automorphism C κ of I(Q) defined by C κ f(x, y) -f{tcx, tty).
We now examine the structure of Aut Q more closely. For xeQ, let x be its ~ equivalence class, as defined in § 0, and let Q denote the p.o. set of equivalence classes of Q. It is easy to see that there is a canonical embedding of Aut Q into Aut Q given by φ->φ, where φ(x) -ψx. Further, the image of Aut Q under this embedding, denoted Aut Q, consists of all ψ e Aut Q such that \ψ(x)\ = x\, VxeQ.
We can now state the following result, which completely describes the structure of AutΙ(Q). THEOREM 
Assume θ e Aut I(Q), where Q is locally finite. Then θ = I f°Lv oC κ , for suitably chosen I f elmιI(Q), L v e *2?[(Q)] 9 and tc G Aut Q. Further, it is uniquely determined up to its image in AutQ.
This theorem is proven by Baclawski [1] , assuming that Q is a p.o. set, and consequently without topological restrictions on Aut I(Q). The proof for the more general case is a straightforward generalization of Baclawski's proof, and utilizes knowledge about the maximal closed ideals of I(Q) as well as the fact that every automorphism of K n is inner. See [4., Ch. 7] for details.
Now let Out I(Q) = Aut /(Q)/Inn I(Q), the outer automorphism group of I(Q).
The following corollary is an easy consequence of Theorem 2.1, along with our knowledge of Inn/(ζ>) n COROLLARY 2.1.
In particular, Out I(Q) en Aut (Q) in the case when Q is connected and has an element above or below all other elements. This latter result is obtained by different means in [7] .
The concluding corollary of this section utilizes Corollary 2.1.1, and provides a purely algebraic relation between the results of the last section and of this one. COROLLARY 
I(Q) has a unique isomorphism class of faithful distributive modules iff Out I(Q) ~ Aut (Q).

3* Faithful distributive left ideals* In this section we study left ideals L of I(Q) such that nQ) I(Q)/L is a faithful distributive module over I(Q)
. Such left ideals occur only when Q is finite, and we begin by working towards a proof of this fact.
The first result needed is readily established. Proof. By Lemma 3.2 there is a finite set {^J? =1 £ Q such that every maximal element is ~ equivalent to at least one z if 1 <; i ^ n. Since Q is locally finite, the ~ equivalence class of any element is finite. Thus Q has only finitely many maximal elements, say {%};=i. We can now establish the fact cited at the beginning of the section. (1) Q is finite.
(2) I(Q) has a left ideal L such that nQ) I(Q)/L is a faithful distributive module over I(Q). (3) I(Q) has a faithful distributive module which is cyclic. (4) Every faithful distributive module over I(Q) is cyclic.
Proof. (1) => ( We shall assume that all q.o. sets Q are finite in the remainder of this section. Our object of study will be faithful distributive left ideals of I(Q), left ideals L with the property that I{Q) I{Q)jL is a faithful distributive module over I(Q). It is easy to show that an arbitrary left ideal U is faithful distributive iff (i) V contains no nonzero two sided ideal J(Q), and (ii) the lattice of left ideals of I(Q) containing U is distributive.
We now present the main result of this section, which is es- 
Assume n n^ h where and are the nonmaximal elements of Q. We know by Lemma 3.2 that for each i ^ n there is at least one j ^ n t such that α^ ^ 0. As a simple application of the results in this section, let Q λ = {a\}Γ=i > where x^x^ 1 ^ i ^ j ^ n. Then I(Q) ^ Γ n , the algebra of n x n upper triangular matrices over K, as noted at the end of § 1. Since /(QJ ~ T n has a unique isomorphism class of faithful distributive modules, it follows directly from Theorem 3.5 that T n has a unique isomorphism class of faithful distributive left ideals. Note that the collection of n x n upper triangular matrices over K with O's in the last column is an example of such an ideal. As another application, let Q 2 = {2/<}?=i, where y t ry h 1 ^ i, j ^ n. Then I(Q 2 ) -K n1 the algebra of n x % matrices over K. Since /(ζ> 2 ) ^ iΓ w has a unique isomorphism class of faithful distributive modules (which are exactly the primitive modules), it follows directly from Theorem 3.5 that K n has a unique isomorphism class of faithful distributive left ideals (which are exactly the maximal left ideals.) Note that the collection of n x n matrices over K with O's in a specified column is an example of such an ideal.
